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INTRODUCTION 

Air core magnets, whether superconducting or cryogenic, have high external fields 
which, in practical applications, can be troublesome. These can be removed either by 
additional windings (which decrease the useful field) or by using iron (which increas- 
es the useful field). This paper is on the consequences of the latter procedure. 

COILS OF I@INITESIMAL THICKNESS 

The problem of distribution of fields around'a multipole air core magnet surround- 
The config- ed by iron has been solved by Beth.l. 

uration studied by these authors is shown in Fig. 1. Region (1) of radius a1 is sur- 
rounded by a winding of infinitesimal thickness (a2 in Fig. 1 is assumed equal to al) 
bearing a current normal to the paper of 

It has ,been treated also by Meuser.2 

I = Io cos ne . 
The region (3)  beyond radius r = b is filled.with iron of permeability u. 

For the present purpose we assume CL t o  be infinitely large and write Beth's solu- 
tion in the form: 

In region (1): Br = 2 ~ r  . CL 0 0  I (r/a)n-l { 1 + (a/b)'" )- sin n6 

Be = CL 0 0  I (r/a)n-l { 1 + (a/b)'" } cos ne . 
n- 1 

t- 1 } sin ne rrl-1 
ni-1 r 

In region (2): Br = 2rr fi 1 a 
0 0  

Be = 2n uoIo a 
r 

This solution gives zero azimuthal field at r = b. The maximum normal field is 

.j: 
Work performed under the auspices of the U . S .  Atomic Energy Commission. 

1. R.A. Beth, Brookhaven National Laboratory, Accelerator Dept. Report MD-119 (1966). 
2. B.B. Meuser, Lawrence Radiation Laboratory Report UCE-18318 (1968). 
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. 
For the case where hax is assigned a s p e c i f i c  value Bo ( t o  avoid s a t u r a t i o n ,  

f o r  example), the expression (3)  defines b i n  terms of bax and the  other  parameters. 

I n  Eqs. ( l ) ,  the term (a/b)2n represents the increase i n  f i e l d  in s ide  t h e  magnet 
due t o  the presence of the iron. From (1) and (3)  the  f i e l d  amplitude i s  

The second term i s  the increase due t o  the i ron  sh ie ld .  
i n c r e a s e - i s  simply B0/2.  
w i l l  add 10 kG t o  whatever f i e l d  i s  s e t  - u p  inside the. magnet. 
(n = 2), the add i t iona l  term i n  the bracket is 

For a dipole ,  (n = l), the 
I f  f i e l d s  as high as  20 kG are allowed a t  r = b, t he  i ron 

For a quadrupole, 

( Bo )4'3 
4n w0Io 

If, f o r  example, Io is  such as t o  give 60 kG "pole- t ip  f i e l d s " ,  without i r o n  and Bo i s  
chosen t o  be 20 kG, the increase i n  pole- t ip  fi.eld d u e  t o  the i ron  w i l l  be about 
5600 G. 

The radius b f o r  a 60 kG dipole  with 20 kG at  r = b w i l l  be given approximately 
by 

h = 2 a  . 
The radius b f o r  a 60 kG pole-tip quadrupole with 20 kG at r = b w i l l  be given approx- 
i m a t  e 1 y by 

h = 1.7a i 

COILS OF FINITE THICKNESS 

To obtain the  f i e l d s  f o r  c o i l s  of f i n i t e  thickness we merely replace Io i n  
E q s .  ,(1) and (2) by I,da and .integrate from an inner r ad ius  a1 t o  an ou te r  r ad ius  a2. 
For r a d i i  t < al i t  is necessary only t o  in t eg ra t e  Eqs. (1) t o  obtain 

( an+2 - ad2 )} s i n  ne 
1 2-n 2-n 

Br = 2n 0 0  I rn-l { ( a2 - al 2 1 
(n + 2) b2n 

2n ( a?' - )} cos ne . n-1 1 2-n 2-n ' 1 
B 8 = 2n cloz0 r { 2-n ( a2 - a 1 ) +  ( n +  2) b 1 

For r a d i i  r > a2 w e  integrate  Eqs. (2) t o  obtain:  

n- 1 
Be = 2n woI0 ( '1: - - *l ) (& ) ( aF2 - .;'" ) cos ne . 

r 

( 5 )  
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I n s i d e  t h e  c o i l ,  f o r  a2 > r > a12 the solut ion is  a combination o f  solut ions of 
types ( 4 )  and (5): 

The vector p o t e n t i a l s  i n  the three regions are: 

€or r al 

2n ( a T 2  - a;f2 )} cos ne > ( 7 )  
1 2-n ) + 1 R 

A~ = - 2 n p  I ~ { z  ( a2, 
(n + 2) b 

0 0  n 

€or r > a2 

f o r  a, > r > a. 

DIPOLE FIELDS 

For a dipole ,  t h e  f i e l d  patterns are:  

1 €or 'I: < a 

Br = 2n u 0 0  I {( a2 - al ) + 2 ( a i  - a: )} s i n  e 

Be = 2l-r u . , ~ ~  (( a2 - al ) + -L;i ( ai - a: )) cos B .. 
3b 

€or. r > a2 
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3 1 f o r a  > r > a  2 

1 3 al = 271 hoIo { a2 + 7 ( a2 - a: ) - 7 - f r } s i n  e 
3b 3 r  Br . 

3 

3b2 3r 

1 "1 Bo = 2n w 1 { a2 + - ( a i  - a: ) + 7 - 4 r } cos 8 . 
0 0  

The vector po ten t i a l  f o r  a dipole  is: 

2 f o r  r < a 

1 3 A, = - 2n poIor {( aZ - al ) + 7 { a2 - a: )} cos 0 , 
3b 

f o r  r > a . 2  

A, - - - -  $ i-r woIor ( -+ + -+ ) ( a i  - a: ) cos e , 
b r  

f o r  a2 > r > al 
2 
J 

1 al 2 A, = - 271 boIor { a2 + 2 ( a i  - a: ) - 7 - 7 r } cos 8 . 
3b 3r  

The f i e l d  pat terns  €or  two poss ib l e  d ipo le s  are shown i n  Figs.  Zand  3. Figure 2 
represents a dipole  f o r  40 kG i n  an a p e r t u r e  of 5 cm radius .  The c o i l  is 1 cm i n  thick- 
ness  and i s  surrounded by an i ron  s h i e l d  of 10 cm radius.  
enter ing the i ron  i s  20 kt;. 
should be about 13 cm thick.  Current d e n s i t y  i n  the c o i l  has a maximum value of about 
6 x lo4  A/cm2. 

The maximum f lux  dens i ty  
To ca r ry  t h i s ' f l u x  at  an average densi ty  of 16 kG the  i ron  

Figure 3 represents a 60 kG magnet of the same aperture .  The thickness of the 
coil is .1.5 cm,  which resu l t s  i n  about t he  s a m e  peak current  densi ty  (6 X 10 4 A/cm 2 ) as 
the  c o i l  of Fig.  2 .  The i r o n  shield has  an inner radius  of 12.9 cm and a peak enter ing 
f l u x  density of 20 kG. 
i ron  should be about 16 c m  thick.  The weight of t h i s  s h i e l d  would be s l i g h t l y  less 
than 2 tons per meter of length.  

To ca r ry  the r e t u r n  f l u x  a t  an average densi ty  of.16 kG, the 

QUADRUPOLE F I F L D  S 

When n i s  s e t  equal t o  2 i n  Eqs. (4 ) - (9 ) ,  the reader may be disturbed by the ap- 
pearance of 2 -  n in the denominator of s eve ra l  terms. This ,  however, appears i n  terms 
of the form 

1 ( - a2-n ') . 2 - n  1 

A s  n approaches 2 ,  set n = 2 - A .  The term now becomes 

AAn a2 - e  1 0 8  a ( a2 - al ) = $ ( e 
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As A 4 0, t h i s  term becomes An (a2/al). 
l a r i t y  wherever i t  appears. 

Similar treatment removes t h e  apparent singu- 

The vector po ten t i a l  f o r  a quadrupole is: 

f o r  r al 

AZ = - TT LloIor2 { h (a2/al) + 4 1 ( a; - a; )} cos 29 , 
4b 

f o r  r > a2 

cos 20 , - AZ - -- 4 

Lr 1 f o r a  > r > a  2 

AZ = - n, uoIor2 { an ( a 2 / r l  + 7 1 ( a: - a: ) - 7 "1 + } cos 3 0 .  . 
4b 4 r  

Figure 4 shows the f i e l d  pa t t e rns  f o r  a quadrupole with 60 kG "pole- t ip  f i e lds"  
surrounded by an inon sh ie ld  whose maximum enter ing f l u x  dens i ty  i s  20 kG. 
erture of 5 cm radius ,  the c o i l  thickness is 1.5 cm. The c o i l  as before ,  carries a 

d ius  of t h e  i ron  shield is 10.7 cm. 
t he  i r o n  should be about 7 cm th i ck .  

For an ap- 

cos 26 cu r ren t  d i s t r i b u t i o n  of maximum densi ty  of about 6 X 10 2, A/cmz. The inner ra- 
To carry the f l u x  a t  an average d e n s i t y  of 16 kG 

LRON CROSS SECTION 

Numerical examples thus f a r  have used the case where t h e  f l u x  d e n s i t y  of the i r o n  
r i n g  is 20 kG (2 T) .  In t h i s  s ec t ion  i t  w i l l  be shown t h a t  less i r o n  can be used i f  
lower f i e l d s  are chosen a t  t he  i ron  surface.  This w i l l  r e s u l t  i n  less increase i n  the  
f i e l d s  in the  multipole due t o  t h e  presence o f  i ron,  but i t  may neve r the l e s s  have eco- 
nomic advantages. 

From Eqs. (5)  the  normal f i e l d  a t  the surface of t he  i r o n  i s  

I f  b2 i s  the  iron inner r ad ius  f o r  which a maximum normal f i e l d  of 2 T i s  set up, then 

L 

and 
b2 n+l 

Br = 2 (7) s i n  ne . 

The t o t a l  f l u x  that  m u s t  be ca r r i ed  by the i ron is  tha t  enter ing between. 9 = 0 and 
0 = ~ i / 2 n ,  and is 

- 1046 - 



Br b de = - n 
0 

If t he  f l u x  r e t u r n s  i n  t h e  i r o n  w i t h . a n  average  f lux  d e n s i t y  B 1  and t h e  i ron  r i n g  has 
an ou te r  diameter c, t h e n  

2b2 ti2 
( c - b ) B l = y - ( ~ Y  

and 

c = - - ( ~ ) n + b  2b2 b2 . 
nB1 . 

The cross-sec t iona l  area of  the i r o n  i s  

T ( C  

For a d ipole  the  area is 

L For l a rge  b ' s  t he  i r o n  area approaches a cons t an t  value of 477 b2/B1. 
(1.6 T) as we have assumed i n  our previous examples, t he  maximum reduct ion  i n  i r o n  
a rea  poss ib le  below t h a t  necessary €or  20 kG en te r ing  f i e l d  i s  [(1/1.6) + 1]:1 o r  
about 1.6:l.  

If B1 is 16 kG 

For a quadrupole, t h e  i r o n  a r e a  i s  

3 

b2 ' 3  + 1 }  . 

Evident ly ,  by reducing t h e  e n t e r i n g  f i e l d ,  t h e  necessary i r o n  f o r  sh ie ld ing  a quadru- 
pole  can be reduced as far  as d e s i r e d .  

DISTRIBUTION OF STORED ENERGY 

For an eva lua t ion  of s to red  energy i n  t h e  var ious regions,  an approximate method 
w i l l  be used .  It w i l l  be  assumed t h a t  t he  th ickness  of t he  coil is small compared 
with the  ape r tu re  dimensions. The fo l lowing  no ta t ion  w i l l  be used: 

a2 = s1 4 0 

r = al + x (wi th in  t h e  winding) 

271. ~ L ~ I ~ A  fl  + (a,/b)2n 1 = Bi . 

The approximatipn w i l l  be c a r r i e d  only  t o  t h e  f i rs t  o rde r .  
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Equations (4) to (6) can now be wri t ten:  

1 f o r  r < a 

B~ = (r/alln-'  s in  ne 

Be = Eo (r /a l )  cos ne , n-1 

2 f o r a  < r < a  1 

Br = E s i n  ne 
0 

cos ne , E e = B o ( l  - 2x/A 
1 + (a,/b)'" 

2 f o r  r > a 

- BO ( a l / r )  [ 1 + ( r /b)2n ] s i n  ne 
Br - 1 + (a,/b)2n 

Be = - Eo *' [ 1 - ( r /b )2n  ] cos ne . 
1 + (al/blzn 

Using these expressions the s tored energy E i n  t h e  var ious regions can e a s i l y  be 
evaluated: 

for  r < al 
2 2  

E=---.--- 
8n wo ' 

f o r  a, < r < a, 

I A 

for r > a, 

2 2*2 1 - ( ~ i , / b ) ~ "  
L 

2n 1' Bo "I 
2n E =  

an p, a o 2 [ 1 + 4al/b) 

If (al /b)2n is s m a l l ,  and a2 
imately t h e  same as t ha t  s tored i n  the  useful  ape r tu re .  

a l ,  then the energy stored outside t h e  c o i l  is approx- 
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The average energy d e n s i t y  i n  the  ape r tu re  is  

2 
Bo 

8n TT u 
0 

I n  t h e  c o i l  i t  i s  

213 + (al/b)2n + (al/b)4n 

2n l2 
For t h e  p a r t i c u l a r  case where 'b = 2a1, t he  r a t i o  o€ energy dens i ty  i n  the coil t o  
energy dens f ty  i n  t h e  use fu l  a p e r t u r e  i s  

for a d ipole :  0.63 

for a quadrupole: 1.29 . 
For cases  of the type d iscussed  above where A = 0 . 3  a1 the  r a t i o  of t h e  t o t a l  

energy s to red  i n  the c o i l  t o  t h e  t o t a l  energy s to red  i n  t h e  use fu l  ape r tu re  w i l l  be 

f o r  a d ipo le :  0.44 

f o r  a quadrupole: 0.89 . 
Hence €or a d ipo le  the t o t a l  energy  s ta red  i n  t h e  c o i l  ( f o r  t he  dimensions quoted) is  
a l i t t l e  more than  20% of t h e  t o t a l  energy s to red  i n  t h e  d ipo le  system. For a quad- 
rupo le  of s i m i l a r  dimensions t h e  energy s to red  i n  the  c o i l  i s  about 45% of the  t o t a l  
energy s to red  i n  t h e  system. 
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Fig .  1. Geometry of multipole winding and iron shireld. 

Fig. 2. Field pattern f o r  40 kG d i p o l e .  



F i g .  3 .  F i e l d  pattern for 60 kG d i p o l e .  

Fig. 4. Field pattern for quadrupole wich  40 kG pole-tip field. 




