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I. LNTRODUCTION 

The p o s s i b i l i t y  of superconducting high f i e l d  magnets makes a nonpulsed ac'celer- 
a t o r  l i k e  the FFAG (Fixed F ie ld  Alternating Gradient) seem a t t r a c t i v e .  It seems worth- 
while t o  point out  some c h a r a c t e r i s t i c s  of the FFAG which p e r t a i n  t o  the  possible  use  
of t h i s  acce le ra to r  i n  the  current  state of  the accelerator  f i e l d .  

One d i f f i c u l t y  with the  FFAG as i t  w a s  conceived by t h e  MURA group' w a s  t he  l a r g e  
r a d i a l  a p e r t u r e  required.  
several  reasons. One reason is tha t  some accelerators  being considered today have a 
low momentum r a t i o  p f f p i ,  where pf and p i  are the f i n a l  and i n j e c t i o n  momenta of the 
particles.  Some examples are: 

This d i f f i c u l t y  i s  t o  some extent ameliorated today f o r  

, 
a) A 200 MeV t o  1 GeV booster,  pfIpi  =r 3 .  

b) A high energy second s t age ,  300 GeV t o  1000 GeV,  pi/pi  a 3 .  

The momentum swing of p f / p i  = 3 i n  the,above two examples is  s m a l l  enough t o  be achiev- 
ab le  i n  an ape r tu re  of about 15 em. 

A second reason i s  t h a t  the extract ion '  from one accelerator  followed by i n j e c t i o n  
i n t o  a second acce le ra to r  now seems more f eas ib l e .  Experience with e x t r a c t i o n  over the 
pas t  yea r s<has  ivcreased one 's  confidence i n  being able to e x t r a c t  and i n j e c t .  Thus, 
r a t h e r  than bui ld  one FFAG acce le ra to r  with a very large aperture ,  i t  appears possible  
to build an FFAG having seve ra l  s tages ,  each with a moderate aper ture ,  where the beam 
is extracted from one s tage and injected i n t o  the following s tage.  An example of such 
a multistage FFAG would be an accelerator  t o  go from 30 GeV to 800 GeV in  t h r e e  stages, 
each s tage having a pf/pi = 3 .  The th ree  s tages  would be 

30 - 90 ,  90 - 270, 270 - 810 . 
One i n t e r e s t i n g  r e s u l t  is t h a t  the r a d i a l  aper ture  of each of t he  th ree  s t ages  would 
be t h e  same. This r e s u l t  follows from the  energy scal ing p rope r t i e s  of t he  FFAG and 
is  discussed below. An ape r tu re  of about 15 c m  i n  each stage may be s a t i s f a c t o r y .  

XI. CHOICE OF PARAMETEXS 

The ho r i zon ta l  aper ture  r e q u i r e d  f o r  the accelerator  depends on how large one can 
make the magnetic f i e l d  gradient.  However, the magnetic f i e l d  gradien'c is l i m i t e d  by 
i t s  e f f e c t  on the  s t a b i l i t y  l i m i t s  €or the betatron o s c i l l a t i o n s .  The higher  t he  gra- 
d i e n t ,  t he  smaller the s t a b i l i t y  limits w i l l  be. 

It i s  worth noting here t h a t  the PFAG is a high r e p e t i t i o n  rate machine, which 
A repeti t ' ion means it can go through i t s  acce le ra t ion  cycle  many times p e r  second. 

t 
Work performed under the auspices of the U.S .  Atomic Energy Commission. 

1. MURA FVoposal f o r  a 10 GeV Accelerator,  1962. 
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rate of 30/sec t o  60/sec s e e m s  reasonable . '  
small for t h e  three examples mentioned i n  t h e  In t roduc t ion .  

Thus, t he  s t a b i l i t y  l i m i t s  can be q u i t e  

A s t a b i l i t y  l i m i t  of A, = 1 cm has  been assumed i n  t h i s  paper .  Th i s  choice  should 
be reconsidered f o r  t h e  p a r t i c u l a r  a c c e l e r a t o r  be ing  designed. 
on t h e  s t a b i l i t y  l i m i t  and r e p e t i t i o n  rate are g iven  i n  Sec t ion  111. 

Fur the r  cons ide ra t ions  

The manner i n  which t h e  a c c e l e r a t o r  parameters  vary  with t h e  p a r t i c l e  energy o r  
the  acce le ra to r  r a d i u s ,  R, fo l lows  from a cons ide ra t ion  of t he  s t a b i l i t y  l i m i t s .  It 
i s  shown i n  the  Appendix t h a t  t h e  r a d i a l  a p e r t u r e  i s  energy independent f o r  a given 
momentum swing p f / p i  and is given by 

AR 7.53 - l og  (pf/pi) , f 

when f is the  azimuthal f l u t t e r  i n  t h e  magnetic f i e l d .  W e  f i n d  1IR = 8.26 cm f o r  
A, = 1 cm, f = 1 and p f / p i  = 3 .  If w e  a l low room f o r  be ta t ron  o s c i l l a t i o n s ,  synchro- 
t ron  o s c i l l a t i o n  and . c e n t r a l  o r b i t  e r r o r s ,  assuming r a t h e r  a r b i t r a r i l y  1 cm f o r  each, 
and allowing 0.3 c m  f o r  c e n t r a l  o r b i t  s ca l lop ing ,  we g e t  AR = 15 c m .  

The var ious  parameters of s e v e r a l  a c c e l e r a t o r s  having d i f f e r e n t  f i n a l  ene rg ie s  
are given i n  Table I. 
and a circumference ' factor  of 2 w a s  assumed. 
according t o  

The maximum f i e l d  i n  t h e  median plane w a s  assumed t o  be 50 kG, 
The median plane magnetic f i e l d  v a r i e s  

Equation (2) i n d i c a t e s  t h e  meaning of t h e  parameters  k ,  P, N ,  f .  The parameter P de- 
termines the  s p i r a l  of t h e  magnetic f i e l d .  
2rr/N. f i s  the  f l u t t e r  of t h e  f i e l d  i n  t h e  r a d i a l  d i r e c t i o n .  
t he  f i e l d  rises i n  t h e  r a d i a l  d i r e c t i o n .  f w a s  assumed t o  be 1. The choice of para- 
meters given i n  Table I w a s  found us ing  t h e  r e s u l t s  l i s t e d  i n  t h e  Appendix. 

The azimuthal p e r i o d i c i t y  is  given by 
k determines how rap id ly  

TABLE I. A t a b l e  of parameters of va r ious  a c c e l e r a t o r s  having a f i n a l  
energy hx ranging from 0.2 t o  800 GeV. 
a maximum median plane f i e l d  of 50 kG, a circumference f a c t o r  
o f  2 'and a momentum swing of 3 .  
ape r tu re .  

Each a c c e l e r a t o r  has  

AR is the  good f ie ld  r a d i a l  
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TIL. MATCHING OF BEAM INTENSITY AND PHASE: SPACE 

At this time'there ids interest in using a superconducting FFAG in connection 
with existing conventional accelerators. This raises the question as to whether the. 
relatively small radius of the superconducting accelerator will give rise to problems 
as regards space-charge limits and in the matching of the emittance and acceptance of 
the accelerators. 

To illustrate the problems that arise, an example will be considered which is 
the use of a superconducting FFAG booster to raise the injection energy of the 200 MeV 
linac to 1 GeV €or injection into the Brookhaven AGS. The following arguments and 
calculations are very rough and are meant only to be indicative of the kind of solu- 
tions available. 

. .  
In this example there are three aspects to be considered. These are: 1) space- 

charge limitations, 2) injection into the booster from the 200 MeV.linac, and 3) ex- 
traction from the booster into the AGS at 1 GeV. 

. .  Space-Charge Limit at ions 

The question here is whether the FFAG with a radius of 2.26 m and a stability 
limit of about 1 cm can contain enough charge to inject into the AGS at 1 GeV. 

The incoherent space-charge limit is given very roughly by 

( 3 )  
2 a (a + b, v tlv yB , R N S  

where a more conservative y$' dependence is used instead of y3D2. 
horizontal and vertical apertures respectively. . v is the betatron oscillation fre- 
quency and Av is the allowable shift in v due to space charge. 
the accelerator. 
v f c .  

a and b are the 

R is the radius of 
y and B are the particle energy E/mc2, and the particle velocity 

If we assume that the AGS at 200 MeV has the space-charge limit of 
N (AGS, 200 MeV) = T.0 X lOI3 protons, then.Eq. (3)  indicates that at 1 GeV, 
N (AGS, 1 GeV) = 4.0 x 1013 protons. 

The injection space-charge limit of :he FFAG may be found by comparison with. 
the AGS at 200 MeV and using Eq. (3). The FFAG space-charge limit when compared 
with the AGS space-charge limit is larger by the radius factor 12012.26 = 5 3 ,  is 
smaller by the aperture factor 5(5 f 2.5)11(1.0 -I- 1,O) = 18.7, and is smaller by 
the v factor 8.2514.12 = 2.08. Thus we find 

N (FFAG, 200 MeV) = 1.36 N (AGS, 200 MeV) , 
N (FFAG, 2DO.MeV) = 1.36 X 10l3 protons . 

The 4 X 1013 protons required by the AGS at 1 GeV can be obtained if the repeti- 
tion rate of the FFAG is larger than 3lsec. 

Injection into the FFAG 

The 200 MeV linac has difficulty injecting enough protons into the FFAG because 
of the small timelturn due to the small radius. The timelturn at 200 MeV for the 
FPAG is T = 0.084 usec. 
2.5 x 1010 protoas per turn, 

If the linac is assumed to deliver 50 mA, then it can inject 



. 
The number of turns that can be accepted is determined by the'acceptance of the 

FFAG, which we will assume' given by the rough formula 

2 
Acceptance 1 - R a  

v a  
( 4 )  

Using a = 1 cm, v = 6 .2 ,  we find the FFAG horizontal acceptance at 200 MeV, 

AC (FFAG, 200 MeV) = n 27.4 X cm-rad . 
If we assume the emittance of the linac is n 1 x cm-rad, then we have room for 
27 turns, or 6.75 X 10l1 protons can be injected in 27 turns. 

Thus in order to be able to inject' the 4 X 1013 protons 'required by the AGS at 
1 GeV, it is necessary for the FFAG to have a repetition rate of 60/sec. 

An alternative to the repetition rate of 60/sec is' to increase the stability 
limit to perhaps 1.4 cm, which would allow a repetition rate of 301sec. 

One may note that at the present time the Brookhaven 200 MeV linac is designed 
with a repetition rate of 10/sec. 

Extraction from the FFAG into the AGS at 1 GeV 

First let us'compare the emittance of the FFAG at 1 GeV with the acceptance of.. 
the AGS at 1 GeV. 

Because the momentum swing of the FFAG is pf/pf = 3,  the emittance at 1 GeV is 
one-third the acceptance at 200 MeV,or the emittance is 

EM (FFAG, 1 GeV) = n 9.1 X cmnrad . 
The acceptance of the AGS at 1 GeV can be compared with the emittance of the FFAG at 
1 GeV using Eq. ( 3 ) .  It is larger by the aperture factor (5 [3)2 = 7 5 ,  smaller by 
the radius factor 120/2.26.= 53, and larger by the v factor 916 = 1.5. We find that 

AC (AGS, 1 GeV) = 2.1 x EM (FFAG, 1 GeV) . 
One may note that the matching of the phase spaces is due to the cancellation of the 
radius factor by the aperture factor, which seems to require the stability limit of 
the FFAG to be relatkvely small or the emittance of the FFAG wi.1-1 become too large 
f o r  injedtion into the AGS. 

The transfer.of the charge between the FFAG and the AGS is complicated by the 
radius factor of 5 3 .  A distance of 2rr >! 2.26 m in.the AGS can only contain 1/53 of 
the space-charge limit of 4 x 1013 protons. . .  

One possible method is to inject 60 times/sec' into the FFAG and to stack the 
60 pulses at 1 GeV. 
extracted over 53  turns in the FFAG and injected over the entire circumference of the 
AGS. Needless to say, there are many problems to be solved in such a scheme. 

The stacked beam, containing roughly 4 x 1013 protons, can be 

A second method would be to extract each of the 60 pulses in the FFAG efter it 
is accelerated to 1 GeV and inject it over 2 n  x 2.26 m in the AGS. If the transfer 
of charge is asynchronous, the process is likely to be less efficient. 
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I n  conclusion,  i t  would s e e m  t h a t  u s ing  a h i g h  r e p e t i t i o n  rate and a small aper- 
t u r e  o r  s t a b i l i t y  l i m i t  wi th  t h e  small  r a d i u s  superconduct ing a c c e l e r a t o r  can produce 
a s a t i s f a c t o r y  match wi th  a convent ional  a c c e l e r a t o r .  
apply a l s o  t o  a superconducting pulsed AGS. 

The above d i s c u s s i o n  should 

I V .  A 200 MeV TO 1 GeV BOOSTER 

A b e t t e r  idea of t he  magnetic f i e l d  c o n f i g u r a t i o n  i n  a superconduct ing FFAG may 
be obtained by consider ing a p a r t i c u l a r  a c c e l e r a t o r  i n  more d e t a i l .  For  t h i s  purpose, 
let us  cons ider  a 200 MeV t o  1 GeV FFAG b o o s t e r  which might be used i n  conjunct ion 
wi th  t h e  Brookhaven AGS. 

A poss ib l e  set of parameters f o r  t h i s  b o o s t e r  a r e  the  fol lowing:  

Ins ide  r ad ius ,  R 
Good f i e l d  ape r tu re ,  AR 
Per iod ic i ty ,  N 
vr ' 

vz 
Radial g rad ien t ,  k 
S p i r a l  g rad ien t ,  P 
Sp i r a l  angle, cy 
Flu tce r ,  f 
Maximum f i e l d  
In j ec t ion  f i e l d  
Hor izonta l  s t a b i l i t y  l i m i t ,  Ax 
Vertical s t a b i l i t y  l i m i t ,  Ay 
Ver t i ca l  ape r tu re  

250 c m  
1 7  c m  
24 
4.8 
3.3 
20.5 
131 
100 
1 
50 kG 
13 kG 

f 1.62 cm 
f 0.46 cm 
+ 3 cm 

The above parameters are somewhat d i f f e r e n r  from those given i n  Table  I, and they 
are a l i t t l e  more on the  conserva t ive  s i d e .  
the  azimuth where t h e  ho r i zon ta l  @ has  a maximum. 

The s t a b i l i t y  l i m i t s  A,, Ay a re  given a t  

Median Plane Magnetic F ie ld  

The magnetic f i e l d  i n  t h e  median plane i s  i n d i c a t e d  i n  F ig .  1. The crosshatched 
areas i n d i c a t e  the reg ions  of  high f i e l d ,  t h e  b l ank  areas t h e  r e g i o n s  o f  zero f i e l d .  
The r eg ion  which w i l l  be crossed by protons i s  bounded by the  dashed circles. 

A poss ib l e  magnet arrangement i s  shown i n  F i g .  1. In  t h i s  arrangement the  magnet 
edges a r e  a long r a d i i  t o  t h e  center of t h e  machine, and wi th in  each magnet the  s p i r a l s  
may pczssibly be replaced by s t r a i g h t  l i n e s .  

An a l t e r n a t e  arrangement f o r  a small a c c e l e r a t o r  is  t o  use long s p i r a l  magnets 
whose shapes would be s i m i l a r  t o  t he  c rossha tched  areas i n  Fig. 1. 

V. POSSIBLE PROBLEMS OF THE SUPERCONDUCTING FFAG 

One aspec t  of t h e  FFAG t h a t  may prove a s e r i o u s  problem has  t o  do  wi th  the  r a t i o  
of t he  maximum magnetic f i e l d  at the  cu r ren t - ca r ry ing  c o i l s  t o  t h e  magnet ic  fie1.d on 
t h e  median plane. If t h i s  r a t i o  is  too l a r g e ,  t hen  t h e  Superconducting FFAG l o s e s  i t s  
advantage a s  the f i e l d  at t h e  c o i l s  is l i m i t e d  t o  some va lue  of  t h e  o r d e r  of 100 kG. 
This  f i e l d  r a t i o  tends t o  g e t  l a r g e r  when t h e  f i e l d  has a r a p i d  r ad ia l  v a r i a t i o n  as i s  
requi red  i n  t h e  WAG. 
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Some o t h e r  problems inc lude  that  of determining t h e  cu r ren t  d i s t r i b u t i o n  t o  
o b t a i n  t h e  des i r ed  median plane magnetic f i e l d ,  and the  problem of p u t t i n g  r a d i a l  
s t r a i g h t  s e c t i o n s  i n  the FFAG. Some f u r t h e r  cons idera t ions  of p a r t i c u l a r  magnets 
and machine des ign  are repor t ed  elsewhere.2 
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APPENDIX 

Some handy formulas  are a v a i l a b l e  f o r  es t imat ing  the .parameters  of t h e  FFAG. 

The s t a b i l i t y  l i m i t s  a t  some optimized opera t ing  poin t  are r e l a t e d  t o  the  
parameters by3 

A,IR = 3.74  IN^ 
2 

AZ/R = 5.12 FIN 

k/N2 = 0.03559 

fPlN = 0.2279 2 

vr/N = 0.2007 

v Z I N  = 0.1410 . 

The r a d i a l  a p e r t u r e  i s  given by 

R 
, AR = E 1% (Pf/Pi) ' Y 

where pi and pi are the f i n a l  qnd i n i t i a l  moment$. 

Rough formulas f o r  V r  and vz are 

v2 = k +  L r .  

For a given ope ra t ing  poin t  vr/N and v,/M, the  s t a b i l i t y  l i m i t s  a r e  p ropor t iona l  
t o  R/$, where 2nlN i s  the p e r i o d i c i t y  of t h e  acce le ra to r .  If one assumes t h a t  each  

2 .  P.G. Kruger and J . N .  Snyder, Un ive r s i ty  of I l l i n o i s  I n t e r n a l  Report ,  Sept.  1966. 

3 .  G. Parzen and P. Morton, Rev. S c i .  Lns t r .  34, 1323 (1963). 
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stage of the accelerator  i s  to  have t h e  same s t a b i l i t y  l i m i t s ,  i t  follows t h a t  the 
per iodici ty  paramefzer N v a r i e s  with the radius  according t o  

N - L ~ R  . ( A .  6) 

Since €or an accelerator  wi th  a given operating point *IN, vZ/N, one m u s t  have 
k/N2 = constant, where t h e  f i e l d  goes l i k e  rk; one f inds tha t  t h e  f i e l d  gradient 
parameter k var ies  with r a d i u s  according t o  

k - R  . (A.7) 

The r a d i a l  aper ture ,  AR, of the acce lera tor  i s  given by Eq. (A.4). 

Thus, f o r  a given momentum swing p f / p i ,  the r a d i a l  aperture v a r i e s  l i k e  R/(k i- l ) ,  
since k - R  is  independent of R f o r  large k.  This es tabl ishes  the  r e s u l t ,  mentioned 
i n  Section I, tha t  the r a d i a l  aper ture  is  the same f o r  each s tage of the  accelerator .  . .  
Combining E q s .  ( A . l ) ,  ( A . 2 )  and ( A . 4 )  gives the r e s u l t  for t h e  r a d i a l  aper ture  

Ar 
(A. 8) AR = 7.53 - log (pf/pi)  . f 

/ 
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Fig. 1. The magnetic f i e l d  i n  the.median plane of an FPAG accelerator .  
. Crosshatched areas  indicate  regions of high f i e l d .  The period 

2x/N i s  15* and the acce lera tor  r a d i u s  is 2.5 m. 
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